The spectrum of phonon-like collective excitations in the system of Bose-atoms in optical lattice (more generally, in the system of quantum particles described by the Bose-Hubbard model) is investigated. Such excitations appear due to displacements of particles with respect to their local equilibrium positions. The two-level model taking into account the transitions of bosons between the ground state and the first excited state in potential wells, as well as interaction between them, is used. Calculations are performed within the random phase approximation in the hard-core boson limit. It is shown that excitation spectrum in normal phase consists of the one exciton-like band, while in the phase with BE condensate an additional band appears. The positions, spectral weights and widths of bands strongly depend on chemical potential of bosons and temperature. The conditions of stability of a system with respect to the lowering of symmetry and displacement modulation are discussed.
Introduction
Bose-Hubbard model (BHM) [1, 2] is a well known model in the solid state physics. In its most applications it is used to describe the thermodynamics and energy spectrum of ultracold bosonic atoms in optical lattices. The main attention was usually paid to phase transition between normal (NO) phase and phase with the Bose-Einstein (BE) condensate [so-called Mott-insulator (MI) -superfluid state (SF) transition] [3] [4] [5] [6] . The model is also intensively used for theoretical description of other phenomena, such as quantum delocalization of hydrogen atoms adsorbed on the surface of transition metal [7, 8] , quantum diffusion of light particles on the surface or in the bulk [9, 10] , thermodynamics of the impurity ion intercalation into semiconductors [11, 12] .
As a general rule, the theoretical consideration is devoted to the behaviour of atoms confined in the lowest vibrational levels in the potential wells of a lattice. However, the study of a quantum delocalization or diffusion reveals an important role of excited vibrational states of particles (ions) in localized positions with a much higher probability of ion hopping between them [9, 13, 14] . In this connection, a possibility of BE condensation in the excited Bloch bands in optical lattices is also considered; in this case, the condition of their sufficient occupation due to the optical pumping (see, e.g., [15] ) is imposed. The Bose-Hubbard model was extended to higher vibrational bands and, in the framework of such a generalization, the MI-SF transition to the phase with BE condensate in the pumping-induced quasi-equilibrium state of the system has been described [16] . In the case of orbital degeneracy of the excited state (the p-state, for example) and anisotropy of hopping parameters, the conception of multi-flavour bosons (that correspond to variously polarized bands) was introduced [17] . The possibility of appearance of unconventional porbital BE condensate with the non-zero incommensurate wave vector was shown [18, 19] . The doublewell lattices open up a new field of researches in this direction [20] .
Contrary to that, in the equilibrium case, the BE condensation involving the excited states was not sufficiently studied in the framework of ordinary Bose-Hubbard model. One can mention the systems of spin-1 bosons where the multiplets of local states form the closely-spaced excited levels. It was shown in [21, 22] that MI-SF transition can be of the first order when a single-site spin interaction is of the antiferromagnetic type. A similar effect also takes place for multicomponent Bose system in the optical lattice [23] .
A change of the phase transition (PT) order (from the 2nd to the 1st order) is also possible in the equilibrium lattice gas of bosons with the transfer of particles over the excited states. We have considered such a problem in [24] [25] [26] using the Bose-Hubbard model where the only excited nondegenerated state on the lattice site besides the ground state (the so-called two state BHM) was taken into account. The model corresponds to 1D or strongly anisotropic (quasi-1D) optical lattice; it is also close to the situation in a system of light particles (protons, lithium ions) adsorbed on the metal surface.
In the present work we continue the investigation started in [24] . In addition to the analysis of the boson one-particle spectrum performed in [24, 25] we study the collective dynamics of bosons. The pair interaction between particle displacements with respect to their equilibrium positions in the neighbouring wells will be taken into account. In a harmonic case, such displacements are expressed in quantum language in terms of transitions between the nearest vibrational levels. Due to the above mentioned interaction, the collective modes appear; their energy is a function of the wave vector. Attention is paid to changes in the spectrum after the MI-SF transition (both of the 2nd and 1st order) and to the BE condensate appearance. We perform our consideration in the hard-core boson (HCB) limit, which means no more than one particle per site (the single-site problem is here a three-level one). Such a model of hard-core bosons is well known; it is used in a wide range of problems, e.g., local electron pairing mechanism of superconductivity [27] , ion transport in ionic conductors [28, 29] , BE condensation and related phenomena in optical lattices [30] [31] [32] .
Model
To consider the phonon-type dynamics in the Bose-atom system in an optical lattice, we use a model which is a simple generalization of the hard-core boson model. Describing vibrational states of Bose-atom in a separate potential well in the lattice, we take into account the first excited level besides the ground one. Let us suppose that this level is nondegenerate; such a situation can be realized in the case of low local symmetry. At the same time, we impose a usual (for hard-core bosons) restriction: no more than one particle per lattice site. The model of this type was used by us while investigating the conditions, at which the Bose-Einstein (BE) condensate appears when the particles are hopping only over the excited states. Hamiltonian of the model was written as follows: ) are Bose operators of annihilation and creation of particles in the ground (excited) states; ε and ε are respective energies of states (δ = ε − ε is the on-site excitation energy); µ is the boson chemical potential. For matrix elements describing the particle hoppings onto the neighbouring sites we take [24] 
basing on the above mentioned arguments. It should be also noted that such an approximation agrees with the results of numerical estimates for optical lattice performed by T. Müller (see [33] ), where it was shown that the tunneling matrix elements t and t can significantly differ by up to one order (or even more) of magnitude. , n c i 〉 (which is formed by particle occupation numbers in the ground and in the excited states), we can write In what follows, we use the shortened notations |0, 0〉 = |0〉, |1, 0〉 = |1〉, |0, 1〉 = |2〉.
In such a case,
When particles are moving through the lattice only in the excited state, BE condensate is described by the order parameter 〈c i 〉 = 〈c
With the help of identity
Hamiltonian (2.1) can be presented as follows: 8) where the first termĤ 0 is the mean-field Hamiltonian
Here, the notation j t (i , j ) = t 0 = −|t 0 | is used; t 0 ≡ t q=0 is the zero-momentum Fourier-transform of the hopping matrix element. We consider the case, when t (i , j ) < 0 [24] . In terms of X -operators acting on the three-state basis (2.6)
(2.10)
The single-site HamiltonianĤ i is diagonalized by transformation
where
here, theX mm i operators act on "tilded" basis, and the energy eigenvalues are as follows:
(2.14)
We intend to investigate the spectrum of phonon-type excitations, which are connected with displacements of Bose-particles from their equilibrium positions in the sites of optical lattice. In the quantum description, the operatorsX i of such displacements are characterized by their matrix elements. The latter are nonzero when calculated between the states having different parity (it is assumed usually that local
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potential wells are harmonic and, correspondingly, the oscillatory wave functions form a basis of local states). In the case when only one excited state is taken into account, only matrix elements 〈0|x|1〉 and 〈1|x|0〉 are of current interest. In the second quantization representation
Collective vibrations arise due to interaction between particle displacements. Let us write it in the following form:Ĥ
As distinct from direct interparticle interaction (that looks like V (i , j )n i n j ), the interaction (2.16) has another nature; it is caused by transitions between the ground and excited states. This interaction can be considered as an analogue of the so-called resonant interaction that is responsible for the dynamics of excitations (Frenkel excitons) in molecular crystals. In terms of "tilded" operators
We now use the technique of the Zubarev two-time temperature Green's functions to study the vibrational spectrum. Let us introduce the commutator Green's function of displacements 
which provides a more complete description of the vibrational spectrum, providing in particular information on the statistical weights of boson vibrational modes.
Green's function of displacements
We calculate the Green's function (2.21) in the random phase approximation (RPA) using the HamiltonianH 
In the spirit of RPA scheme, we decouple the pair products of operators taking into account that mean values of nondiagonalX -operators are equal to zero in the applied approximatioñ
and, similarly,X
At the same time,
Here,
(here we consider the uniform case). As a result,
In a similar way, we can come to the equation of motion for theX
where Using the formulae (3.8), (3.10) and (3.12), one can write a set of equations (3.2) in the explicit form. In a matrix representation, after the Fourier transition to wave vectors, it has the following form:
and
Here, the notations are introduced
The function Φ q is the Fourier-transform of the pair interaction of displacements.
A set of equations (3.13) decomposes into independent subsets; each of them consists of four equations. Their solutions can be easily found. After substitution into formula (2.20) and after some simplifications, we get Its zeros determine the poles of the Green's function. Consequently, having solved the equation 20) we can calculate the vibrational spectrum of Bose-particles. The solutions of equation (3.20) are as follows: In normal phase (when BE-condensate is absent) α = 0, B q = C q = 0, the expression (3.18) for the Green's function greatly simplifies
Here, two branches remain, whose energies are equal in modulus but differ among themselves by sign. 
(3.25)
At a small Φ q interaction, when the linear approximation can be used,
(3.26)
One can see that ε 1,2 → ε
1,2 , ε 3,4 → ±∆ 01 at α → 0. When passing more deeply into SF phase, when ξ parameter (angle α) increases, the widths of bands that correspond to the branches of spectrum are changed. The bands ε 3 and ε 4 become broader while the bands ε 1 and ε 2 become narrower (see figures 1 and 2). At the point of the 1st order phase transition (see the phase diagram, figure 3 ), the positions of bands are changed abruptly while in the case of the 2nd order PT, such a change is continuous. As a whole, the weights of the bands diminish when chemical potential µ decreases and passes from a positive region to a negative one. Besides that, the redistribution of their statistical weights takes place. The effect can be described by means of the corresponding spectral densities. One can calculate the latter using the Green's function 〈〈x|x〉〉.
Starting from (3.18) we can write the Green's function 〈〈x|x〉〉 in the following form: where Since Q( y i ) = Q(− y i ), the formula (3.29) can be written as follows:
Spectral density calculated per lattice site is given by the relation: It is easy to determine the imaginary part of the function (3.30); then In the case of normal phase, the expression (3.33) for function ρ q (ω) is more simple. Here, at α = 0, 34) and, respectively, Thus, we have
The energies ε
1,2 ( q) are given by formula (3.24).
Additional branches, which appear in the spectrum in SF phase due to BE condensate, possess an interesting feature. There exists a possibility of nullification of excitation energy at certain values of wave vector when the chemical potential µ or the temperature are changed [the ε 3 ( q) = −ε 4 ( q) function tends in this case to zero at certain points on the border of the 1st Brillouin zone where
. At special conditions, (see below) such a softening of the considered vibrational mode could be present in the initial (NO) phase serving as a manifestation of a tendency to instability with respect to spatial modulation of the particle local displacements as well as the BE condensate order parameter. We suppose, however, that NO phase is stable in this sense; the relations between the model parameters ensure the condition min ε
Zero solution of equation (3.20) exists when the relation
fulfills. The energy ε 3 ( q) goes to zero at ∆ 01 = 0 (or ∆ 21 = 0), which corresponds to the points µ * indicated in figures 1 and 2 where the ε i ( q) plots are presented, as well as when the expression in square brackets in (3.37) is equal to zero. In the first of these cases, according to (3.28) and (3.30) , the statistical weight of this branch also tends to zero. Due to that, the above mentioned instability can be connected only with the condition
On the other hand, using this notation, we can write the Green's function of displacements (3.18) at zero frequency in such a simple form The NO phase is stable when 1+2W σ/∆ 21 ≡ 1+2W 〈X 00 − X 11 〉/∆ 21 > 0. In the T = 0 limit and in the µ > 0 region, since 〈X r r 〉 = δ r 1 , this leads to the condition
(in the case µ < 0 and at T = 0, there are no bosons outside the SF phase region [27] ).
In figures 4 and 5 we show the graphs for susceptibility
as a function of temperature. The calculations were performed at various values of µ, δ and W meeting the condition W < δ/2. As we can see, χ − is greater than χ + ; this gives an evidence for the dominance of potential instability with respect to modulation of particle displacements (with the wave vector at the boundary of Brillouin zone).
Susceptibility χ − increases noticeably at a lowering of temperature in NO phase. However, at a further decrease of T after transition to SF phase, a significant suppression of χ − takes place. The χ − function (just as χ + ) approaches saturation (increasing or decreasing slightly, depending on value of δ). In the majority of cases, there exists a peak of the χ − function in the vicinity of the 1st order PT point. At this point, χ − reaches a maximum value which remains finite in the considered range of the model parameter values. Consequently, the tendency to the displacement modulation, that is characteristic of NO phase, weakens when the NO-SF transition takes place and the BE condensate appears. 
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Conclusions
In this work, for the system of quantum particles in a lattice (Bose-atoms in optical lattice, adsorbed or intercalated particles in a crystal), we performed an investigation of the spectrum of collective vibrational excitations that appear at the displacements of a particle with respect to their equilibrium positions in local positions and which are connected with interactions between them. At a quantum description of displacements, we took into account the transitions of particles between the ground state and the first excited state only.
Such excitations, by their nature, are analogous to optical phonons in a usual crystal lattice. On the other hand, in the two-level approximation, they are similar to the Frenkel excitons or to excitations in the systems with double potential wells.
Calculation of the spectrum is performed in the framework of such a two-state model supposing that the quantum hopping of particles between the neighbouring positions in a lattice takes place in their excited state. Consideration is performed on the basis of the hard-core boson model.
We found the excitation spectrum in the random phase approximation using the Green's function method. It is shown that the spectrum is of a band character and consists of positive and negative parts (among them, the second part is the mirror image of the first one). Only one positive branch [ε 1 ( q)] exists in the NO phase, while in the SF phase there appears an additional branch [ε 3 ( q)].
Positions, spectral weights of branches and widths of the corresponding bands change at the shift of the chemical potential of bosons and depend on temperature. A noticeable redistribution of the intensities of branches takes place in the SF phase at the change of µ.
An additional branch [ε 3 ( q)] can become "soft" and go to zero at a certain value of µ. However, such a behaviour does not lead to an instability in the system with respect to the modulation of particle displacements. The spectral weight of this mode also diminishes in this case and is equal to zero at this point. This fact is confirmed by calculation of the related susceptibility χ − connected directly with Green's function of displacements. The results show that in the case, when the boson system is stable in the NO phase, the transition to the SF phase and the subsequent lowering of T (or decrease of µ) do not give rise to instability. The possible displacement modulation could lead to the appearance of the so-called super-solid phase (with modulation of the BE condensate order parameter). In our case, however, the BE condensate remains uniform. The analysis of the spectrum of phonon-like excitations in optical lattices and the investigation of its transformation and the appearance of new branches in the SF phase are possible with the use of Raman spectroscopy. Raman scattering intensity can be expressed in this case in terms of the Green's function of particle displacements of the 〈〈x|x〉〉 type, and the poles of this function will determine the Raman excitation spectrum (additional poles, appearing in the SF phase, manifest themselves as new Raman lines). Experimentally, such a technique was applied in [33] to study the spectrum of ultracold Bose-atoms excited to the upper Bloch band. Attention was paid to the observed features of scattering line profiles in a MI phase. Their explanation was given in terms of local transitions of bosons between ground and excited states in potential wells in a lattice. Theoretical analysis of Raman scattering intensity due to transitions to higher vibrational bands (in the case of sufficiently deep lattice and different number of particles per site) was performed in [34] , as well as for the MI regime. The attention to differences between the intensity or amplitude of scattered light for SF and MI phases was directed in [35] , where the possible experiments based on the Raman scattering-in-cavity technique were proposed. It is clear, on the whole, that Raman spectroscopy opens up new possibilities in the study of quantum states and the dynamics of Bose-atoms in the presence of BE condensate. However, more systematic investigations in this direction are needed. In this connection, a further development of the theory based on the calculation of the effective Raman coupling strength for specific cases and models is necessary.
